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Aerodynamic Shattering of Ice Crystals
in Hypersonic Flight

Girard A. Simons*
Physical Sciences Inc., Woburn, Mass.

A theoretical study of ice crystal/shock-layer interaction has been carried out in order to assess the relative

. kinetic energy of an ice crystal upon impact with a hypersonic vehicle. A dynamic fracture criterion has been
developed which predicts the size of the ice crystal fragments formed at the vehicle bow shock. An analysis of the
ice crystal breakup predicts that the outer fragments continue to shatter and prevent the shock-layer gas from
penetrating the fragment cloud. Thus, the fragment cloud may be treated as a distinct deformable fluid. The
reduced impact velocity due to lateral spreading of the fragment cloud may be determined from existing work on

raindrop deformation in hypersonic shock layers.

1. Introduction

S a supersonic or hypersonic vehicle passes through a

real atmosphere, vehicle erosion may occur because of its
encounter with relatively large clouds of dust, rain, and ice.
The vehicle shock layer may offer some shielding of the
vehicle from the erosive material. Hence, the interaction of
the erosive material with the shock layer has become an im-
portant problem. A great deal of attention has previously
been given to the problems of dust' and rain, >'! but not until
recently has significant effort been devoted to the interaction
of ice crystals with the shock layer. Wu!? has studied the
melting and vaporization of an ice crystal in a hypersonic
shock layer and demonstrated a significant reduction in par-
ticle size and impact velocity for ice crystals initially of the or-
der of 10-yx diameter. Larger crystals were relatively unaf-
fected by melting and vaporization. In the same report,
Teare'? demonstrated that ice crystals may shatter at the
vehicle bow shock. This introduces the possibility that the
fractured ice crystal or “‘fragment cloud’’ may deform as it
" passes through the vehicle shock layer. This deformation will
be lateral to the relative gas velocity and will tend to increase
the drag area of the fragment cloud. Hence, the velocity of the
fragment cloud will decrease more rapidly than that of a rigid
particle, and the velocity with which the fragment cloud im-
pacts the vehicle may be significantly lower than that with
which a ““rigid”’ ice crystal would impact the vehicle.

To study this phenomenon, we examine the interaction of
the ice crystal with the shock layer over three distinct time
scales: fracture, breakup, and deformation. The first time
scale is the time required for a stress wave to propagate across
the ice crystal and generate multiple fractures. Analysis of this
event requires the development of a dynamic fracture
criterion. Such a criterion is developed in Sec. II. We consider
a monochromatic stress wave and determine an appropriate
monochromatic yield criterion. We then assert that a dynamic
yield criterion may be obtained by Fourier expanding the ap-
plied load and applying the monochromatic yield criterion to
each wave. Using this basic hypothesis, we determine the
maximum size (f) of the ice crystal fragments allowed by the
highest mode that can just fracture the ice crystal. The
behavior of a cloud or ‘‘gas’ of such fragments is needed to
describe the motion of the fractured ice crystal through the
vehicle shock layer.
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As the fractured ice crystal passes through the vehicle shock
layer, it will break up and deform by the action of the shock-
layer gas. The time scale for the gas to penetrate the fragment
cloud is short compared to the time required for the fragment
to respond dynamically to the gas. The latter time scale is the
deformation time and, on a time scale small with respect to
the cloud deformation time, ice crystal breakup must be
assessed in order to determine the appropriate model for the
fragment cloud. That is, does the fragment cloud behave as a
separate gas, a two-phase flow, or as a fluidized bed? This
question is addressed in Sec. III. Using the dynamic shattering
model, it is shown that the outer fragments continue to frac-
ture and prevent the shock layer gas from penetrating the
fragment cloud. Thus, the fragment cloud may be treated as a
separate incompressible gas without surface tension. This
conclusion is a consequence of the dynamic fracture criterion
which itself is subject to experimental confirmation.
However, the dynamics of ice crystal breakup are insensitive
to the actual shattering process and this basic conclusion is
only weakly dependent on the actual dynamic shattering
criterion.

The dynamics of the fragment cloud have been modeled
and published separately.!> The Reinecke-Waldman model
for liquid drop deformation is extended to include a time-
dependent relative wind. The lateral spreading of the
fragment cloud may significantly reduce the impact velocity
of the ice crystal on the hypersonic vehicle.

I. Initial Fracture of the Ice Crystal

A. Dynamic Fracture Criterion

A schematic of an ice crystal entering a hypersonic shock
layer is given in Fig. 1. The ice crystal enters the vehicle shock
layer with velocity U,,, finds itself moving with supersonic
velocity relative to the shock layer gas, and thereby generates
its own bow shock or crystal shock. The resulting pressure on
the ice crystal is an impulsively applied load which may be
one to two orders of magnitude in excess of the static yield
stress. Hence, a consistent dynamic yield criterion must be
established in order to analyze the shattering problem. First,
we define the two times relevant to dynamic loads. 77 is the
transient time for application of the load and 7 is the re-
sponse time or the time required for the entire specimen
of length L to know a load has been applied. Clearly, 75 =
L/ay, where a, is the speed of sound in the specimen.

By definition, static loading occurs when 77> 7, and the
static yield stress (o;) is the appropriate measure of the
maximum load which the specimen can tolerate without
plastic deformation or failure. Clearly, when 7r<7;, a
dynamic yield stress (op) is a necessary measure of failure.
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Fig.1 Icecrystal/shock-wave interaction.

When 7-=0(7g) we assert that o, = CG(0o,). This assertion is
verified by impact experiments. !* These experiments demon-
strate that when a projectile undergoes a collision with a
“‘rigid’’ target, the projectile appears to have a dynamic yield
stress of the order twice the static yield stress. Under this
loading situation, the projectile is loaded for two wave
passage times. Hence, we have empirical evidence that op =
O(US) WhenTT=O(TR). .

Another example of a situation where 7y=7; is a
monochromatic stress wave. Let X, be the longitudinal stress
(tension or compression) in a stress wave

X, =A, sin(rwkayt) cos(wkx)

For an element of length 1/k, 7p =77= (1/ka,). Therefore,
failure occurs when A, = O(0,). An alternate way of looking
at the stress wave is in terms of the particle velocities U,. The
momentum equation

aU,
X ox
14 ot x
yields

A
U,= aOE k cos(mkayt) sin(wkx)

where E is Young’s Modulus relating stress ¢ to strain e (o
=Fe,anda,=vVE/p). If we interpret U, as a series of
elements of length 1/k colliding with velocity a,A4,/E, then
impact theory ' indicates that failure occurs when the impact
velocity exceeds Of(esa,). Since o,=Fe,, this criterion
reduces to A, =0 (o). ’

Having developed a rational argument for applying a static
yield criterion to the monochromatic stress wave, we now
make the following bold hypothesis which, though plausible,
can be justified only if the subsequent conclusions agree with
experiment.

Hypothesis: Dynamic yield stress may be obtained by
Fourier expanding the applied load and applying the
monochromatic yield criterion to each wave. Failure occurs
when 4, = Qo where Q is O(1) and is to be determined by ap-
plying this technique to explain empirical observations.

Before utilizing this hypothesis to examine the catastrophic
failure of an excessively overloaded material, the physical im-
plications of the failure model will be discussed. The dynamic
yield stress must be a function of both the load transients and
the material properties. These effects will enter the analysis
through the Fourier coefficient 4. Since all of the in-
formation which appears in the dynamic equations and boun-
dary conditions will enter into A,, the dynamic yield stress
will be a function of Young’s Modulus E, the material density
p, the speed of sound VE/p, all knowledge of the load tran-
sients, the static yield stress o, and the parameter Q. To
describe the meaning of Q, recall that the impact ex-
periments !4 yield empirical evidence that o, =0(0,) when
77=0(7g). The monochromatic yield criterion is a for-
mulation of this observation and the parameter Q is in-
troduced to reflect the ratio between g, and o, in the limit
77=0(71g). More specifically, Q is the ratio of the dynamic
yield stress under a sinusoidal load to the static yield stress.
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One initially would expect that Q is a function of the rate of
strain é, since we use a sinusoidal load as a reference con-
dition. Rate of strain effects will be discussed in Sec. IIC
where the stress tensor is extended to include é. The rate of
strain then may influence the dynamic yield stress through the
Fourier coefficient 4;, but the parameter Q must be in-
dependent of ¢ because the sinusoidal reference condition is
strictly valid only when é is zero. Hence, Q must be evaluated
when ¢é is finite but negligible. The value of Q will be a
material constant, as in the case of the impact experiments.
The material property reflected by this parameter is the plastic
nature of the material. Hence, plasticity can enter the present
theory only by allowing Q to be a material constant. For the
purpose of this paper, we shall restrict the analysis to brittle
materials and proceed under the assertion that Q is a universal
constant. \

Having developed a theory for the catastrophic failure of a
brittle material, we now shall apply it to the problems of frac-
ture and shattering. To expedite the mathematics, we shall
assume that a standing wave forms in the specimen before
fracture occurs. Although this approximation may have to be
relaxed in the light of empirical information, it should be em-
phasized that the standing wave approximation is distinct
from the fracture hypothesis and that failure of this ap-
proximation need not imply the failure of the fracture
hypothesis.

B. One-Dimensional Fracture

Let us first examine the present theory by applying it to the
problem of a one-dimensional slab of thickness & that is
loaded impulsively on one side with pressure P, for time 7.
The load is removed impulsively at the end of that time in-
terval (rp<b/a,). A schematic of the loading and unloading
waves in (x,?) coordinates is given in Fig. 2. If we stand at
some position x between a,7,/2 and b—a,r,/2, the time-
dependent force on an element is shown in Fig. 3. The Fourier
expansion of X, is given by

4P, . [nmwayT . [nTwaygt\ . [/hATX
XX=Z,,;n1r sm( 21(; D)sm( bo)sm<7)

The dynamic fracture criterion indicates that the primary
mode (7 = 1) will fracture the specimen if '

4P, ., (Ta 2 Pgayr
Ssm( oﬁ;)z SOD>QUS

T 2b b

or

b
PS>( Q )as
2aoTD

Hence, the dynamic yield stress ¢, is given by

Op= g
b 2 aoTD’ $

and illustrates that o, is inversely proportional to 7, and in-
deed is in excess of o; provided that Q is of order unity.

To determine the value of Q, let us again take a one-
dimensional slab and impulsively load it in tension (7)) for all
time. The wave diagram is illustrated in Fig. 4 and the
pressure-time history is shown in Fig. 5. The corresponding
Fourier series representation of the dynamic load is given by

2T n t
X, =T+ "E o (cosmr——]) sin(?) cos(mrgo )

An impulsively applied load creates twice the strain of a
slowly applied load.!* Thus, the impulsive load will fracture

for rp<b/a,
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Fig.3 Pressure ‘“trace’’ for impulsive short term load.

the specimen when T is only o,/2. Equating the amplitude of
the n=1 mode of the preceding expansion to Qo,, we deter-
mine

Q;p=2/7 1)

Note that we have obtained Q by comparing the amplitude of
standing waves. Any subsequent use of the value of Q must be
made with standing waves. A completely consistent approach
could be developed using traveling waves but the values of Q
would differ by a factor of 2.

Having developed a criterion for fracture of a dynamically
loaded specimen, let us now examine shattering. Consider a
one-dimensional slab impulsively loaded on one side and held
constant for all time. This is the one-dimensional analogue of
the ice crystal loading at the bow shock of a hypersonic
vehicle. The Fourier expansion of the dynamic load is ex-
pressed as

t
X, = ; —2’:5 cos(n 7;”0 )sin(n—‘lbm> +P5(1—%>

Suppose P> o¢,. Then, not only can the n=1 mode fracture
the specimen, but the #=2 mode can break those fragments
and so on up to the critical value of n(n.) where the nth mode
is just strong enough to fracture the specimen. This value of
nis determined by

2 P,/n.7t=Qo;
or

n.=P./ag
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Fig.5 Pressure ‘“‘trace’ for impulsive load in tension.

and the corresponding size of the fragments fof the #n, mode is
given by

¢=b/n.= (0,/P,)b

These are the largest fragments that can survive the applied
pressure P,. Smaller fragments can exist because of the shat-
tering by other modes. That is, the n.th mode fractures the
specimen at values of x/b equal to

x 1 3 5 7  2n.-1
b 2n. 2n. 2n. 2n."" 2n,

The n. — 1 mode fractures the specimen at

X 1 3 5

b 2(na—1) 2(n.—1)" 2(no~1)’

7 2(n.—1) -1
2(n.~1"" 2(n.—1)

The largest fragment is then

Ax 3 1

Therefore, for one-dimensional shattering, we have deter-
mined that the fragment sizes range from the smallest

bnin = Y2 (05/Py) b
to the largest
frax =(0s/Ps)b )]
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Since the ice crystal erosion problem is dominated by the large
crystals, we shall study the two-dimensional and three-
dimensional shattering problems with the understanding that
the characteristic fragment size refers to the largest frag-
ments, and that smaller fragments can exist.

C. High-Frequency Limitations

The results of Sec. II B place no upper limit on the frequen-
cy of the fracturing wave or, equivalently, place no lower limit
on the size of the shattered fragments. It is well known !¢ that
the minimum wavelength that can exist in a solid is of the or-
der of the lattice spacing s and the maximum frequency is the
phonon frequency w,

w,=dy/S
where a, is the speed of sound in the specimen. These concepts
may be included in the shattering analysis by adding some
““inertia’’ to the stress tensor. Assuming

o=E(e+(¢)

where é is de/dt and both E and 3 are constants, the momen-

tum equation becomes

3°U _do _E62U+EB 3’U
a2 T ax T ax? 913x?

p

Solving the initial value problem,
2
U(x,t)= sin(%x) e ¥

for A real and w complex, we see that propagation cannot exist
above the frequency 2/8 or below the wavelength wa,(.
Hence, it follows that
B=1l/w,=s/a,
Solving the boundary value problem,
U(x,t) —e Ax/éeei(wl—27rx/>\)
for w, \, and the decay depth 6, all real, we obtain
S.=2a,/w’B=ay?/sw?

where 8, approaches s as w approaches w ,.

For an applied load of arbitrary frequency w, caution must
be taken to insure that 6.,>b before using the proposed
dynamic yield criterion since it omits skin depth effects. For

an impulsively loaded specimen of length b, the frequency
corresponding to the nth mode is

w=nay/b

Validity of the shattering analysis requires

8,>b
or
b>n’s
or
Cnax > NS
and
Loin>S
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Thus, the ice crystal shattering analysis is valid down to
fragment sizes of the order of s. High-frequency effects do
not influence the shattering by an impulsively applied load but
may become important for high-frequency loads and large
test specimens.

D. Two-Dimensional Fracture

The one-dimensional shattering analysis is readily extended
to. two dimensions by expanding the applied load into a
double Fourier series. Suppose we have a two-dimensional ice
crystal with pressure P, impulsively applied at one end.
Assuming that the shear modulus is negligible, the applied
pressure may be expanded as a square wave over the lateral
dimension a of the ice crystal

2P I —cosmwm\ . (mmy
P.(y)= n_s ( - )sm( . )

m

The one-dimensional plane wave solution was given by
-2 P, t
X, = E (y) os(mr:o )sin('l—;n(>

where a, was VE/p and P, (y) was constant. Thus, the plane
wave representation of an end loaded two- dlmensmnal ice
crystal is given by

—4P, (I —cosmm) . (m=my\ . [ nwx
Xx= EE m nx? m( a )Sm(7>

05(’77"‘10{)
b

or, in standing wave form

E E —2P; (1—cosm7r)

(n’ll'aot)
COS
n mn? b

-[cos[niv ____mry} —cos[n—w—)—( +__m7ry}] (€)]
b a b a

Similarly, we take a two-dimensional specimen and im-
pulsively load it in tension 7 for all time.

E E 2T(1— cosm7r)(cosn7r 1 os(ﬁw,,t)
mn7r b

[COS{HWX rmry} cos{'ﬂ+—~mwy}]
b a b a

Just as in the one-dimensional case, failure occurs when the
tension T exceeds one half of its static limit. Therefore, the
coefficient relating the wave amplitude to the yield stress is

Q=t/x? @

The value of Q,p, is not restricted to a particular failure mode.
The maximum tension 7 may be limited by either shear or ten-
sion. In obtaining Eq. (4), it was stated only that the impulsive
load is twice as strong as the static load. The primary mode,
whose amplitude is 8 7/#?, will break when T is 2",
Hence, Q,p is 4/72.

For an axial load such as that applied to the ice crystal,
Mohr’s circle ' predicts that the maximum shear S occurs at

y= £Xx+constant
and is of strength

S=X,/2
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Examining Eq. (3), we see that the strength of the (m,n)
mode is a maximum along

y= = (a/b) (n/m)x+ constant

Therefore, the natural mode selection that would maximize
the shear stress on the wave is

a/b=m/n

Under the constraint of b=a, hence n=m, the shear stress on
the two-dimensional ice crystal may be expressed as

(5 ) eos| T ()

—P,(l—cosmm)a
m?x?b

ol (<)

The dynamic fracture criterion predicts failure for the critical
value of m, denoted by m,. Equating the wave amplitude of S
to QZDSs:

S=

2P.a

m =8,0,p for (b=a)

the value of m, becomes

nN()(5) (G520 o

Note: for m. <1, we must use the one-dimensional results of
Sec. 1I B, otherwise the lateral dimension of the fragment is
greater than a. The results are continuous if it is assumed that
the maximum axial stress is limited by the shear mode (o, =2
S, ). The characteristic fragment size is a/m_ or

o=V (2 SS) (ab) for ( Ps >—lz) or (f<a) (6a)

P 28 T a

and

o P b
to=(3)0 for (55 =)
D P, b for 7, <a or ({>a) (6b)

Hence, the two-dimensional shattering analysis is appropriate
only if the fragment size is less than the small dimension of the
initial crystal. Otherwise, shattering is one-dimensional along
the length of the specimen.

E. Three-Dimensional Shattering

Suppose that we now have a three-dimensional crystal of
length b and base area a? (b =a) . Expanding the applied force
in a triple Fourier series, the amplitude of the wave would be
inversely proportional to the mode number cubed.

Ay g~ Ps/nmg
where

n/b=msa=gq/a
or

Apmg ~P,a/m3b

Applying the dynamic fracture criterion to the amplitude of
the wave, we obtain

P.a/mib~S,
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or
m.= (P;/S;) " (a/b) *

The fragment size is a/m, or

28\ ¥ P b
I4 =< ) 2py” f ( : z—) 7
3D P, (a’b) or 35 Za 0

where the constant was chosen to be continuous with the one-
dimensional results when £;, =a. For £, > a, we again use the
one-dimensional result {Eg. (6b)]. Hence, the three-
dimensional analysis is appropriate only if the fragment size is
less than a. Otherwise, shattering is one-dimensional along the
length of the specimen.

HI. Ice Crystal Breakup

A. Description of the Model

As the fractured ice crystal passes through the vehicle shock
layer, it will break up and deform by the action of the shock-
layer gas. The deformation of the fragment cloud is studied in
Ref. 13. However, on a time scale small with respect to the
cloud deformation time, ice crystal breakup must be assessed
in order to determine the appropriate model for the fragment
cloud. That is, does the fragment cloud behave as a separate
fluid, a two-phase flow, or as a fluidized bed?

To begin to answer this question, we see from Sec. IIA that -
the maximum velocity imparted to the solid particle is

@Ay apPg

max — E E

Since a,~ 3 km/sec, E~10° atm, and P, ~ 10° atm (max), we
obtain

U nax ~ 30m/sec

The expansion Mach number (relative to the gas) corres-
ponding to Uy, would be 0.1 upstream of the vehicle shock
and 0.01 downstream of the shock. Hence, the expansion is
much too slow to be thought of as an ‘‘explosion.’’ Rather,
we think of it as a ‘‘convective separation’’ where the crystal
fragments separate with some characteristic velocity in-
dicative of the initial fracturing process. As the fragments
separate, shock-layer gas will influx through the cracks as
shown in Fig. 6. The time scale for gas to penetrate the
fragment cloud is short compared to the time required for the
fragment to respond dynamically to the gas. In fact, the latter
time scale is the deformation time and this is the distinction
between crystal breakup and cloud deformation. -

As the gas penetrates through the cracks, the gas seeks
pressure equilibrium (Vv P—0). However, the pressure dif-

FRACTURED
ICE CRYSTAL

Fig. 6 Ice crystal breakup.
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ference across.a fragment is £V P, which, if in excess of oy,
will fracture the fragment. Continuous fracturing of the
fragments would increase the surface/volume of the solid and
prevent further influx of gas. If the incoming gas achieves
pressure equilibrium within the fragment cloud before further
fracturing can occur, the fragment cloud must be treated as a
two-phase flow. However, if further fracturing prevents the
gas from penetrating the fragment cloud, the cloud may be
thought of as a separate gas which deforms in much the same

way that a liquid drop deforms. In the following sections, it is .

shown that the fragment cloud may be treated as a separate
fluid which deforms as a continuous medium.

B. Formulation of the Model

Investigating the stagnation region of the fragment cloud,
we assume that the velocity of the fragments is radial with
magnitude increasing linearly in r

U,=(agP;/E) (r/Ry)

where R, is the initial radius of the fragment cloud or ice
crystal. If the fragments expand without slowing down

r(t)y=r(o) (1 + a"Pst)
- ER,

where r(0) is the independent coordinate r and r(¢) is the

coordinate of the fragment that was initially at r. The porous

volume within the fragment cloud may be expressed as

4 4 N Q
Vp=<§7rr (t)—;wr);r

where  is the solid angle subtended by the stagnation area.
For t<Ry/ U pax, ’

v, = 2Pt 5 (82)
" ER,
dv,=A,dr (8b)
and
3Qa0Pstr2
A =" 8
*="ER, )

The equations of motion for the gas are written using a con-
trol volume fixed to the fragments. It is assumed that the
velocity of the fragments is constant in time and small with
respect to the gas velocity.

Gas continuity
a a
> (puA,)dr=— ar (pdV,)
Gas momentum
a s op ,
o (pudV,) + Py (p1’A,)dr=—A, Fy dr—FdA,— NdA,

where 5 is the gas density, # the gas velocity, and p is the gas
pressure. The shear force between the fragments and the gas is
denoted by F. The cracks are not necessarily collinear. Hence,
the presence of a fragment at the end of each crack would
result in a stagnation pressure N, applied over the normal sur-
face area, dA ,, as denoted in the preceding equation.

To determine F, consider the incompressible flow between
parallel plates separated by distance 24

u=ug (h’—y?)/h?
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where y is measured from the centerline, equidistant between
the plates. The average gas velocity # is related to u ¢ by con-
tinuity

SIRC- EEE
u= i u 2h =zUg /
The shear stress F'is determined from
ou

F=p—
oy

—h h “h

where ji is the gas viscosity.

To determine #(r,¢), note that the porous volume per
fragment is 64¢° where { is the fragment size. The number of
fragments in volume element Qrdr is Qr?dr/¢3. Therefore,
the porous volume element is

Qridr
dv,= <6he2) ( 5 )

Comparing to Eq. (8), we obtain A.

h= aopsft
T 2ER,

The surface area of each fragment is 6¢. Thus, the net surface
area in volume element Qr2dr is

Qridr
dA,= 6£’Z< 7 )
and
FdA, = 36paER Qridr
l’zaoPst

The normal pressure force Nis

N=(pu?/2) sign(a)

The normal surface area associated with each fragment is 2A¢.
Thus,

Qridr
dA, =2h€<7—)

or

NdA,, _ aoPtpu’sign(@)Qridr
. 2ER,(

Using V,, A,, FdA;, and NdA,, the continuity and momen-
tum equations become, respectively,

a 2
L 5y = ‘
7 (par )+_6t( ) =0 )
and
ou _ da adp 12 apE’R,? pu? |
p— +Pl— +— + ——— ) = 10
Pt TP Yo T ip e T g SEn@ =0 (10)

The fragment size £ appearing in Eq. (10) is a time-dependent
quantity which is yet to be determined. If we apply a pressure
gradient across a crystal fragment, that fragment will fracture
when ‘
ap
— >
ar =%
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The shattering theory indicates that the fragment will break
into smaller fragments of size (o,/@p/dr) **¢in a time scale of
order £/a,. Therefore

Dl | o __{z— [os/egap/ar)l‘W}

Dt et (¢/ay)
or
3¢ ;
Fy —a0{1—[os/e(ap/ar)] /3} an

Equations (9-11) represent three equations in the four
unknowns j, @, p, and {. In the next two sections, they are
solved by specifying p in the incompressible and sonic limits,

C. Incompressible Solution

In the incompressible limit, the continuity equation yields
12:

u=—r/3t
and the momentum equation yields p (4r,1)

ap - 4nE’R,°r  4pr pre
z- Mz 22 E pz + : 2 (12)
ar as Pt 9t 544

Substituting dp/dr into the shattering relation, Eq. (11), yields

2
R,y R,
+

ae
M=_1+
or (E) 5 2
v
? r
() (&)1
..K3613q0_2_ﬁ0_ (13)
T
where

&= (0,/P;) "Ry
T=t/(€0/ao)

Rey=paogR,/j

_(4[)) 1/3( ] >‘/3< E)2/9( E)7/9
0= 4 Rey P Os

e;=[(p/p) "P2PE"1/1(54) ¥ (05) "]
K= (24) "(os/P5) '"*

For the ice crystal/shock-layer interaction problem, we are in-
terested in the following range of values

Rey =10%1t010°

P, =1I10atmto 10’ atm

g, =1I10atm
o =1005
E - =10° atm

Figure 7 illustrates that our range of interest (cross-hatched
region) lies in the domain where e, >¢,, ¢)>Ke;, and ¢;>1.
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Fig. 7 Ordering of the shattering equation (incompressible flow).
Thus, for r near Ry, Eq. (13) becomes

(/1) -7y (/) "r
a7 €p

(14)

The nature of Eq. (14) depends on the size of ¢,. For ¢,<1,
shattering will stop at some value of ¢ near {, (shattering stops
when 9¢/d7=0 or when ¢=0). However, for the case of in-
terest (e, > 1) the approximate solution to (14) is

T (15)

for 7=<1(¢=0 for r=1). Thus, continuous shattering at r=R,
breaks the outer fragments into tiny fragments which will
prevent further penetration by the shock-layer gas.

To estimate the penetration distance of the shock-layer gas,
we assume that the pressure gradient at r=R, is continuous
over the penetration distance, §

6=P,/(ap/ar) for é6,. <R, (16}

From Eqgs. (15) and (12), the pressure gradiént is expressed in
terms of dimensionless parameters previously defined.

ap €0,
ar  fri(I-7)?
The penetration distance becomes

5 _Pri(l-1)?

eo 60305
or
6max . PS
eo ’ 3065603

For the range of parameters illustrated in Fig. 7, 6., is much
less than £,. Thus, the shock-layer gas does not penetrate the
fragment cloud, and the fragment cloud may be treated as a
separate gas or incompressible fluid without surface tension.

D. Sonic Solution

The'gas flux into the porous regions of the fragment cloud
is more likely to be sonic than incompressible. Rewriting the
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shattering equation for #=#*, we obtain

3t __, [ &)’ PS]~‘/J

—_— 17
ar (&/6,) 72 +6as an

where we assumed

*

>
3
*
=
I
)

and

<12>‘/3<12"‘>‘/3<[))‘/3 E
““\Rey/ \'ay/ \o/ o PP

For #*=a, and the range of parameters indicated in Sec.
IIIC, Fig. 8 illustrates that the ¢ terms in Eq. (17) is
dominant.

oWl ., Wh) vip2i3

T €,
Fore,> 1, £/f,=1— 7 and the pressure gradient is expressed as

ap 6230'5
— = 18
ar  Gri(l—1)2 (18)

The penetration depth of the shock-layer gas is determined
from Eqs. (16) and (18)

o _PSTZ(I‘—T)Z

17 €70
or
6max —_ PS
eo 1662 30'5

For the range of parameters indicated in Fig. 8, 6, <{,. The
shock-layer gas does not penetrate the fragment cloud and the
fragment cloud may be treated as a separate gas or in-
compressible fluid without surface tension.
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IV. Conclusions

The shattering of ice crystals in the shock layer of a hyper-
sonic vehicle has been studied theoretically. A dynamic frac-
ture criterion, which is subject to experimental verification,
has been developed to determine the size and velocity of the
crystal fragments. Using the initial fragment size and velocity
from the model for dynamic fracture, it has been concluded
that the outer fragments continue to fracture and prevent the
shock-layer gas from penetrating the fragment cloud. Thus,
the fragment cloud may be treated as a separate in-
compressible fluid or liquid drop. This basic conclusion is a
consequence of the model for ice crystal breakup and is only
weakly dependent upon the actual shattering process. Hence,
the dynamic fracture criterion need only be qualitatively
cosrect in order to support the conclusion that shattered ice
crystals can be treated as liquid drops. .

The dynamics of the deformable drops have been modeled
elsewhere. !’ The flattening of the fragment cloud increases
the drag area of the ice crystal and reduces its impact velocity
at the vehicle. Hence, the fracturing of the ice crystal at the
vehicle shock may significantly reduce the erosion of the
vehicle.
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